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PMNS matrix
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Usual representation:

4

13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i ̸= j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 ̸= 0 and ∆m2
31 ̸= 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator
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UNITARITY IS BUILT IN:
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Flavor Content of Mass Eigenstates:
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• Labeling massive neutrinos:

• To Be Majorana or Not To Be Majorana?

• We know (|Ue2|2, |Ue3|2, |Uµ3|2) with precision of (5,10,15)% but
have little information on the other 6 elements of the PMNS matrix without
assuming Unitarity.

• Stringent tests of the ⌫SM Paradigm, determining the Mass Hierarchy
& measuring CPV are the next steps. Unitarity Triangle? Tau’s?

• Are there lite Sterile neutrinos?
Can we exclude |Ue4|2 and |Uµ4|2 > 0.01, say, for �m2 ⇠ 1eV 2

• Solving the Neutrino Masses and Mixing pattern is di�cult challenge
for Theory!

– Typeset by FoilTEX – 3
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|�m2
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atm| ⇧ 0.03
⇥

�m2
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�
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Global Fits:
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adding atmospheric data ?

15

 T. Schwetz

3-flavor effects in atmospheric neutrinos

16

excess in electron-like events:

III. The ATMOSPHERIC sector 13

Octant and hierarchy discrimination in atmospheric data

• Excess of e-like events, �e ⇤ Ne
�
N0

e � 1:
�e ⌅ (r̄ cos2 ⇥23 � 1) P2⇤(�m2

21, ⇥12) [�m2
21 term]

+ (r̄ sin2 ⇥23 � 1) P2⇤(�m2
31, ⇥13) [⇥13 term]

� r̄ sin ⇥13 sin 2⇥23 Re(A⇥ee Aµe) ; [�CP term]

with r̄ ⇤ ⇥0
µ

�
⇥0

e;

• similar but less pronounced effects also appear in
µ-like events (not discussed here);

• resonance in P2⇤(�m2
31, ⇥13) ⇧ enhancement of ⇤

(⇤̄) oscillations for normal (inverted) hierarchy ⇧
hierarchy discrimination;

• �e distinguishes between light and dark side ⇧
octant discrimination;

• present data: excess in e-like sub-GeV events⇧
preference for light side.
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T2K + Reactors

8
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Unitarity Triangles:

9

Quarks: Leptons:

ASSUMES UNITARITY
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where is our information

17
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Probability Distribution for |U|
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Now
Not Assuming Unitarity !

21
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Non-Unitary 3x3
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Unitarity  to Non-Unitarity

23

• |�m2
31| ⇡ 30 �m2

21 > 0 SNO

• Normal Ordering: m2
1 < m2

2 < m2
3

and Inverted Ordering: m2
3 < m2

1 < m2
2

NO⌫A, LBNF, · · ·

• 0.06 eV <
P

mi < 0.5 eV ⇡ me/106

 ✓23 !

U†U = 1

✓23

�, ✓23

|Uµ3|2(1 � |Uµ3|2) ) |Uµ3|2( |Uµ1|2+|Uµ2|2 )

( |Uµ1|2+|Uµ2|2+|Uµ3|2 )

– Typeset by FoilTEX – 2
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Non-Unitary ! ! !
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What about Theory ? ? ?
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Lite Sterile Neutrinos
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Theoretical Geometric Bounds:

30
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Theoretical Geometric Bounds:

31

Worst case theoretically motivated !
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Current Anomalies !
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~ 1 eV^2
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~ 1 eV^2
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Correlations:
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All

36
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Future Prospects 
and 

Conclusions:
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Future Prospects:  e-row

38

• Better known than other rows:

• Will improve from

– |Ue3| from Daya Bay, RENO and Double Chooz

– |Ue1| and |Ue2|  JUNO and RENO-50  
– only row we can easily separate 1st and 2nd column  L/E = 15 km/MeV

• Constraint to a few % level:

|Uµ3|2(1 � |Uµ3|2)

|Ue3|2(1 � |Ue3|2)

|Ue2|2

|Ue1|2|Ue2|2

|Uµ3|2|U⌧3|2

|Ue2|2 + |Uµ2|2 + |U⌧2|2

|Ue1|2 + |Ue2|2 + |Ue3|2

– Typeset by FoilTEX – 3
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Future Prospects:  tau-row

• Really challenging to make progress on this row:

– νµ →  ντ and   νe →  ντ  at Neutrino Factory (muon storage ring) 
• requires determination of tau charge !

– any ideas on ντ disappearance ! ! !

• Separating |Uτ1| and |Uτ2| will require great innovation !  

– L/E = 15,000 km/GeV

• Geometric constraint with e-row will also improve our knowledge here.
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Future Prospects !   mu-row

• T2K, NOvA, LBNF, HyperK ......

– νµ   disappearance  and   νµ → νe   appearance will tighten this row considerable

• |Uµ3|2 and J (octant of θ23 and δCP )
• geometric constraint with e-row will also improve our knowledge here.

– Excellent Opportunity !

• Breaking the degeneracy between |Uµ1| and |Uµ2| will be challenging !!!

– νµ   disappearance at 15,000 km/GeV.  (detector in geo-synchronous orbit ! ! !)
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What we really know about the 
Neutrino Mixing Matrix !

• Answer depends on what assumptions you make ! ! !

– As Scientists we need to test these assumptions

41
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quarks  v  neutrinos !

42

Thank You !


